The nature of superconductivity in the dilute semiconductor SrTiO 3 has remained an open question for more than 50 years. The extremely low carrier densities (10 18 -10 20 cm −3 ) at which superconductivity occurs suggests an unconventional origin of superconductivity outside of the adiabatic limit on which the Bardeen-Cooper-Schrieffer (BCS) and Migdal-Eliashberg (ME) theories are based. We take advantage of a newly developed method for engineering band alignments at oxide interfaces and access the electronic structure of Nb-doped SrTiO 3 using high resolution tunneling spectroscopy. We observe strong coupling to the highest energy longitudinal optic (LO) phonon branch and estimate the doping evolution of the dimensionless electron-phonon interaction strength (λ). Upon cooling below the superconducting transition temperature (T c ), we observe a single superconducting gap corresponding to the weak-coupling limit of BCS theory, indicating an order of magnitude smaller coupling (λ BCS ≈ 0.1). These results suggest that despite the strong normal state interaction with electrons, the highest LO phonon does not provide a dominant contribution to pairing. They further demonstrate that SrTiO 3 is an ideal system to probe superconductivity over a wide range of carrier density, adiabatic parameter, and electron-phonon coupling strength. 1 arXiv:1608.05621v3 [cond-mat.supr-con]
Electron doped SrTiO 3 undergoes a superconducting transition at low temperature following a dome-like behavior that spans the largest range of carrier density (n) and Fermi energy (E F ) of any material [1] [2] [3] . For much of the superconducting dome, the typical phonon energies (hω ph ) are comparable to or larger than E F , yielding an adiabatic ratio ofhω ph /E F > 1. The nature of superconductivity in the limit of so few electrons is a long-standing problem in condensed matter physics. Several theoretical approaches consider pairing due to electron-phonon (e-ph) coupling [4] [5] [6] [7] [8] . In parallel, there is experimental evidence for the formation of large polarons -quasiparticles arising from strong e-ph coupling [9] [10] [11] [12] [13] [14] . Pairing scenarios involving plasmons or quantum critical ferroelectric fluctuations have also been proposed [5, 6, 15, 16] . These fundamental issues are also relevant for emerging two-dimensional (2D) superconductors such as LaAlO 3 /SrTiO 3 [17] , δ-doped SrTiO 3 [18] , and FeSe/SrTiO 3 [19] .
Tunneling spectroscopy, which we employ here, has been instrumental in studying superconductivity, e-ph coupling, and their interrelationship [20] . The onset of superconductivity creates a gap (∆) in the density of states (DOS), which can be resolved in high-resolution tunneling experiments. In addition, if the coupling is strong, the e-ph interaction can induce measurable renormalizations to the electronic band structure [21, 22] . Recently, there have been compelling angle-resolved photoemission spectroscopy (ARPES) reports of band renormalization at the surface of SrTiO 3 , where replica or shake-off states arising from polaronic coupling to the highest energy LO phonon [13, 14] are observed. Such dramatic modifications of the electronic structure should also be directly observable in tunneling experiments. Moreover, while ARPES experiments are limited to temperature regimes above T c , tunneling spectroscopy offers a unique opportunity to examine the relationship between the superconducting electronic structure and e-ph coupling in the same sample.
Energetically resolved tunneling is a challenge in bulk SrTiO 3 due to the large dielectric constant (ε 0 ≈ 20,000 at low temperatures), which generates long depletion lengths (> 100 nm). Early experiments attempted to examine the superconducting gap using Schottky contacts to heavily-doped SrTiO 3 and tunnel through the depletion region; they indicated coupling to the LO phonon modes and multiple superconducting gaps, stimulating considerations of multiband superconductivity [23] [24] [25] . However, because of the uncontrolled and varying interfacial carrier densities and depletion lengths, experiments probing the doping evolution of the bulk material were unfeasible. Recently, pioneering tunneling experiments 2 have examined the 2D superconducting layer formed at the interface between LaAlO 3 and undoped SrTiO 3 (LaAlO 3 /SrTiO 3 ) [26, 27] , utilizing the thin LaAlO 3 as the tunnel barrier.
Similar to bulk SrTiO 3 , LaAlO 3 /SrTiO 3 exhibits a superconducting transition below 0.4 K [28] , but in the 2D limit. This system exhibits a superconducting dome that can be tuned by a backgate, where the dominant effect of gating is the variation of the mobility edge rather than modulation of the sheet carrier density [17, 29] . Moreover, this 2D superconducting ground state is highly complex, as demonstrated by the coexistence of magnetism [30] , a high density of both itinerant and localized states, observation of a pseudo-gap [26] , and the occupation of multiple subbands [31] .
Here, we demonstrate access to the bulk Nb-doped SrTiO 3 electronic structure in both the normal and superconducting state, at carrier densities across the superconducting dome.
Using atomically engineered interface tunnel barriers [32, 33] , in which ultrathin epitaxial (001) LaAlO 3 serves as a polar tunnel barrier in planar tunnel junctions (Fig. 1A,B) , we suppress the interfacial depletion layer and ensure that the tunneling spectra reflect the intrinsic bulk properties. Importantly, in contrast to LaAlO 3 /SrTiO 3 , when ultrathin epitaxial layers of LaAlO 3 are placed on top of metallic Nb-doped SrTiO 3 , there is no additional electronic reconstruction induced at the interface for the nominal doping concentrations studied here. This is consistent with the observation of the crossover from excess interface charge induced by a polar discontinuity, to metallic screening across a metal-insulator transition [34] . Instead, the LaAlO 3 provides an interfacial dipole, shifting the band alignments to remove the depletion region (Fig. 1C,D) . This simple technique is analogous to band alignment manipulations in semiconductor heterostructures [35] , and has been demonstrated to be highly effective across several oxide systems and applications [33, 36, 37] .
RESULTS
Tunneling spectroscopy in the normal state Figure 1E plots the measured differential conductance (σ = di/dv) in the positive bias regime (electron extraction from SrTiO 3 ) for several characteristic doping concentrations, with E F ≈ 13, 23, and 61 meV [38] . Complete details on the sample preparation and measurement are provided in the methods and supplemental information [38] . The asym- and not barrier LaAlO 3 modes [38] [39] [40] . To examine these features with higher sensitivity, we directly measure d 2 i/dv 2 as shown in Fig. 2A . The data clearly indicate phonon interactions at energies above the highest energy LO phonon branch (eV > 0.1 V). For all doping concentrations examined here, the dominant spectral features appear at regular intervals of energyhω LO4 . In the low density limit (E F = 13 meV), additional structure is found up to fourth order in LO4 (i.e. 2hω LO4 , 3hω LO4 , and 4hω LO4 ). At higher density (E F = 61 meV), the higher-order structure arising from LO4 is suppressed, indicating that the e-ph coupling is larger at low doping. Qualitatively, the observation of interactions involving up to four phonon processes indicates strong e-ph coupling. For instance, the second-order acoustic phonon structure has been observed for Pb (λ = 1.3) [41, 42] .
In general, tunneling spectroscopy can exhibit features arising from both elastic (DOS renormalizations via virtual phonons) and inelastic (real phonon emission) processes [21, [43] [44] [45] [46] . Parsing the contributions is a subtle issue and depends upon on the material system, quality of the junction, and experimental probe (i.e. scanning tunneling microscopy, point contact, or planar junction). Here, the observation of peaks, rather than steps in the conductance, rules out threshold inelastic processes [43, 44] . Further, the lineshape of the e-ph depending upon the ratiohω LO4 /E F . One of the key findings here is the observation of a quantitative correspondence between the LO4 phonon spectral linewidth and the bulk Fermi level, as shown in Fig. 2B . This result demonstrates that the e-ph linewidth provides an independent spectroscopic measure of the interfacial E F . Further, Fig. 2B indicates that the interface reflects the intended bulk carrier density and is incompatible with surface accumulation layers. The quantitative agreement with SrTiO 3 bulk phonons, sharp bandwidth-limited (E F ) spectra at low densities, and evolution as a function of doping indicate the importance of the e-ph coupling within SrTiO 3 . While we cannot rule out the presence of inelastic processes, as a first attempt to estimate the e-ph coupling, we consider that similar LO4 features have been observed by ARPES [13, 14] , and examine this problem in terms of the many-body interactions within SrTiO 3 .
Modeling the electron-phonon coupling in the normal state
To elucidate the impact that the e-ph coupling can have on the electronic bands and tunneling spectra, we calculate the normal state spectral function for non-interacting electrons in a single parabolic band coupled to an Einstein mode ofhω ph = 100 meV. LO modes in ionic crystals generate long range dipole fields which can interact strongly with charged carriers, leading to an interaction with matrix element M (q) ∝ 1/q that is highly momentum dependent [47] . In the real system, the coupling is screened such that
where (q, ω) is the dielectric function arising from all sources. To calculate the electronic self-energy in the normal state, we consider dynamic screening in the long-wavelength limit
where Ω pl is the plasma frequency. Therefore,
where M 0 contains all of the momentum independent factors and is adjusted to set the value of λ. Full details of the self-energy calculations are provided in the supplemental information [38] . We estimate the strength of the e-ph interaction (λ) by comparing the relative multiphonon intensities of the measured tunneling spectra with the self-energy calculations. This approach relies on the appearance of multi-phonon modes and is distinct from the McMillan and Rowell "inversion" method only applicable for E F >hω ph and below the superconducting transition temperature [21, 27, 38] . Figure 4A plots the measured d 2 i/dv 2 for E F = 13 meV (same as Fig. 2A bottom curve) , where the largest number of phonon replicas are observed. Due to the narrow bandwidth, modes are visible at mhω LO4 andhω LO3 + mhω LO4 , where m is an integer (Fig. 4B) . Here we focus solely on estimating λ for LO4 which dominates the tunneling spectra at all dopings. A relative increase in the spectral weight of multi-phonon processes is observed with decreasing carrier density (Fig. 4C) . Figure   4D shows the measured intensity ratios, I 2 /I 1 , for the LO4 mode together with the DOS calculations of Fig. 3 . We have restricted the self-energy calculation to λ < 1 where a perturbative expansion is a more controlled approximation [38] . In the absence of an exact Fig. 2A bottom curve) by a spline fit. The contribution from interactions corresponding to mhω LO4 (m is an integer) are fit with the derivative of an asymmetric Lorentzian (red line, top panel) for which the integrated e-ph contribution to di/dv is shown in the bottom panel (grey curve). B, Extracted energies for multiphonon processes identified ashω LO3 + mhω LO4 and mhω LO4 , demonstrating that LO3 exhibits repeat structure at intervals of LO4. C, Amplitude of the phonon contribution (LO4 only) as a function of bias for three different doping concentrations. D, Black squares show the intensity ratios for one phonon (I 1 ) and two phonon (I 2 ) processes calculated from the renormalized DOS (Fig. 3A) . We linearly extrapolate out of the perturbative regime of e-ph coupling strength in the self-energy calculations (black dashed line) and plot the experimental I 2 /I 1 ratios (open circles) to obtain λ. strong coupling theory, an estimate for the e-ph coupling can be obtained by extrapolating to larger λ values. Estimated in this way, λ ranges from 0.9 to 1.4, where the highest doping concentration (n = 1.6 × 10 20 cm −3 ) exhibits λ ≈ 0.9, similar to other experiments at the same carrier density [10, 48] . We conclude that more dilute samples exhibit stronger coupling to LO4.
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The tunneling results presented thus far clearly indicate that the LO modes significantly modify the electronic properties in SrTiO 3 over a wide range of carrier density. This conclusion is consistent with a growing body of experimental evidence for polaron formation in this system. Our results are strikingly similar to recent photoemission measurements of the electronic spectral function A(k, ω) at the surface of SrTiO 3 , where replica bands were observed at regular intervals of the LO4 phonon mode [13, 14] . In particular, the ratio of the photoemission replica intensities (analogous to I 2 /I 1 ) are remarkably close to those found here, indicating comparable regimes for the e-ph coupling strength. These observations are also consistent with magnetotransport, optical conductivity, and heat capacity experiments indicating large polaron formation in SrTiO 3 [9, 10, 12] . Despite the strong e-ph coupling, the momentum dependence of the interaction produces relatively modest mass renormalizations, and rather than self-trapped small polarons, highly mobile carriers are found even in the extremely dilute limit [3, 49] .
Superconducting tunneling spectroscopy Figure 5A shows a wide-scan di/dv spectrum measured below T c for n = 2.5×10 20 cm with 2∆ 0 /k B T c = 4.5 and λ = 1.3), which is accounted for by including retardation corrections within ME [20, 42] . Due to the signatures of strong e-ph coupling observed in the normal state, one might expect SrTiO 3 to exhibit significant departures from weakcoupling BCS theory, particularly in the underdoped region where large phonon renormalizations are found. This, however, is not what we observe. [51] . We find that the gap closes (∆ → 0) with the onset of the resistive T c , indicating the absence of a pseudogap in the bulk limit. Surprisingly, we find 2∆ 0 /k B T c = 3.56 ± .03 and 3.59 ± .05 for the overdoped and underdoped samples, respectively. These values are remarkably close to the universal weak-coupling limit predicted by BCS theory, even compared to the vast majority of conventional superconductors [20] . Such precise agreement is a surprise for a system that clearly violates key assumptions upon which the theory was derived, but suggests that some of the conclusions apply more generally. In this context, as the simplest estimation for the pairing strength, the BCS equation for T c indicates a coupling strength of λ BCS ≈ 0.1 [38] .
DISCUSSION
Taken together, these results reveal an order of magnitude discrepancy between the strength of the e-ph coupling that modifies the normal state properties (λ) and the superconducting pairing strength (λ BCS ), placing SrTiO 3 in an unusual regime (Fig. 5D ). For conventional e-ph mediated superconductors, the e-ph coupling that renormalizes the band structure is in close quantitative correspondence to the superconducting pairing strength needed to fully account for the superconducting T c within ME [20, 21, 42, 52] . This one-toone correlation is shown in Fig. 5D , and it should be noted that remarkably few (conventional or unconventional) superconductors lie in the extreme weak-coupling regime. Considering the strong e-ph coupling, occupation of multiple t 2g bands, proximity to a ferroelectric quantum critical point, and low carrier density, it would be natural to expect SrTiO 3 to exhibit deviations from the BCS limit. Figure 5D shows that while the normal state properties certainly exhibit strong phonon renormalizations, the superconducting state appears conventional and captured by a weak coupling theory.
In light of this result, it is reasonable to ask whether or not LO4 contributes to pairing and, if so, whether the discrepancy between λ and λ BCS could be explained by invoking the repulsive Coulomb interaction. A conventional Coulomb pseudo-potential (µ*) approach (questionable in the dilute limit) would require a large µ* (> 0.5), far in excess of canonical values (< 0.25) and that varies dramatically with density. This, however, is unphysical for SrTiO 3 considering the non-interacting behavior found in the dilute limit [3, 49] , where the highly polarizable lattice is very effective in dynamically screening the electrons. We can infer that the LO4 mode is not effective in mediating an attractive pairing potential, consistent with proposals for other pairing mechanisms which consider exchanging the available low energy modes (i.e. acoustic modes, the TO soft-mode, plasmons, or quantum critical fluctuations) [4, 6, 8, 15 ].
While we cannot distinguish between these possible pairing mechanisms, the results presented here offer further perspective. A perturbative treatment of the phonon interactions in semiconductors is typically a reasonable approximation, and a natural consequence of the high-energy LO modes is to simply screen both the Coulomb repulsion and the pairing vertex, promoting superconductivity at lower carrier densities than originally considered by BCS.
However, in most superconducting semiconductors the adiabatic (Migdal) ratio (hω ph /E F ) is close to but typically less than 1 [53] . It appears essential that in SrTiO 3 almost all of the superconducting dome corresponds tohω LO4 /E F > 1, and unity ratio corresponds to the loss of superconductivity in the overdoped regime. Therefore, while large coupling to high energy modes leads to strongly dressed quasiparticles, this interaction does not lead to a comparable contribution to pairing, leaving low-energy phonons (or other bosonic excitations) to give rise to superconductivity out of these polarons, surprisingly well beyond the Migdal limit. A comprehensive theory of superconductivity here should realize a weakcoupling superconducting state out of strongly dressed quasiparticles over a wide range of coupling strength and adiabatic parameter.
METHODS
Nb-doped SrTiO 3 films were deposited on TiO 2 terminated SrTiO 3 (001) substrates by pulsed laser deposition as described elsewhere [54] . Subsequently, 0 -4 unit cells (u.c.) single crystal LaAlO 3 epitaxial layers were grown at T = 650
• C with P = 1 × 10 films grown in this regime exhibit bulk-like mobility values and full carrier activation [54] .
The samples were transferred ex situ to an adjacent chamber for the deposition of metallic electrodes at room temperature through a shadow mask. Just prior to deposition, the films were pre-annealed at 500
• C in 1 × 10 −5 torr of O 2 to remove adsorbates [33] . For the superconducting gap measurements, we employed Ag electrodes contacted by Au wire and Ag paint. Ohmic contacts were made to the Nb-doped SrTiO 3 film by wire bonding with Al wire. Details regarding the electronic measurements, data analysis, and DOS calculations are provided in the Supplemental Information [38] .
